Indentation analysis based on the representative strain offers an effective way of obtaining material elastoplastic properties from the reverse analysis of indentation load-displacement curve. In this paper, its approach is employed to analyze the unloading force-depth curves obtained from a sharp microindentation test. By using the unloading work and residual penetration depth as parameters characterizing unloading, two different formulations of representative strain/stress are proposed, respectively, with very simple functional forms. When combined with the established framework of loading curves, the plastic properties and/or elastic properties of a material can be derived in closed-form using the loading curvature, unloading work, and residual depth measured from one sharp indentation test.
Introduction
Microindentation is arguably one of the quickest and simplest ways of measuring the mechanical properties of materials, which involves very little effort on sample preparation, thus suitable for small material structures (1, 2) . During the experiment, a sharp rigid indenter penetrates normally into a homogeneous solid where the indentation load, P , and displacement, δ , are continuously recorded during a complete loading-unloading cycle ( Fig. 1) . To simplify the analysis, the indenter is usually modeled as a rigid cone with half apex angle o 70.3 α =
, such that the ratio of cross-sectional area to depth is the same as that for a Berkovich or Vickers indenter with almost the same indentation response ( P δ − curve) (3) . Denote the Young's modulus by E and yield stress by y σ , without losing generality, for an isotropic stress-free bulk material, its uniaxial stress-strain ( σ ε − ) curve can be expressed in a power-law form ( 
where n is the work-hardening exponent and ( ) When n is zero, Eq. (1) reduces to an elastic-perfectly plastic material. For most metals and alloys n is between 0.1 and 0.5. Upon indentation, if the yield strain / y E σ is relatively small (especially for the ductile metals/alloys that are most suitable for indentation test as well as our main focus in this paper), the material develops a pile-up due to the plastic flow of finite plastic Vol. 2, No. 5, 2008 deformation ( Fig. 1(a) ), which makes it difficult to accurately measure the projected contact area 2 A a π = at the maximum penetration (3) . It is therefore desirable to deduce material properties solely from the load-displacement curve where both P and δ can be measured fairly accurately. When the indenter apex angle is fixed and the minor effects from the Poisson's ratio is neglected, based on dimensional analysis (4) the P δ − data measured during loading can be related with material elastoplastic properties:
C is also referred to as the loading curvature. Owing to the self-similarities of the dimensionless function Ψ , a mathematical trick known as the representative strain may be introduced (5) to reduce the number of apparent unknown variables in Ψ down to one. In essence, for a given indenter apex angle, there exists a representative strain R ε (which is only a function of α ) and corresponding representative stress R σ (whose formulation depends on n and plastic properties of a specific material), such that the new dimensionless function
depends only on / R E σ , where
− is the plane strain modulus. Both representative strain R ε and Ξ can be determined from fitting of extensive numerical analyses; for a given α , there are various definitions (formulations) of the representative stress and strain (3, (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) . If the modulus of the material ( E ) is known a priori, the only unknown variable R σ can then be solved from experimental P δ − data along with (3); such solution procedure is often numerical if the functional form of Ξ is complex (e.g.
polynomial or power-law (5) (6) (7) (8) (9) (10) (11) (12) (13) ).
However, the knowledge of R σ alone is insufficient in order to solve for the material plastic property, which involves two independent unknowns, y σ and n (or equivalently, R and n). In general, one could obtain an independent P δ − curve from another test with a different indenter angle (with a different set of R ε and Ξ ), and various algorithms have been proposed for measuring the plastic properties using the dual indenter method (6) (7) (8) (9) (10) (13) (14) (15) (16) (17) (18) .
Although the dual indenter method can be used to determine the plastic properties accurately, it has several disadvantages: (1) It is sometimes not practical to obtain two indenters with distinct apex angles. Moreover, the indenter angles have to be the same as those proposed in the previous studies (6) (7) (8) (9) (10) (13) (14) (15) (16) ; otherwise, one has to recalculate R ε and Ξ for that specific α; (2) The impression must be made twice on the same specimen and separated with a practical distance, which makes it impossible to obtain accurate information from one specific interested material point; (3) The rich information from the unloading curve was not used.
In this paper, we extend the convenient representative strain approach to unloading curves. By using either the unloading work or the residual penetration as the governing parameter, we propose two different formulations of representative strain and stress. Unlike conventional approaches where lengthy and complex polynomial and/or power-law fitting were used (5) (6) (7) (8) (9) (10) (11) (12) (13) 16) , the formulations derived from this paper are very simple, involving at most two fitting parameters. When combined with the representative strain formulation for loading curves we established earlier based on limit analysis (14, 15) (which was also concise without fitting parameters), the concise functional form allows the material plastic and/or elastic properties to be derived analytically in closed-form. In other words, by simply measuring the loading curvature, unloading work, and residual penetration from one sharp indentation test (the Berkovich tip is used in this study), one can directly derive the material elastoplastic properties of power-law materials from simple closed-form formulae.
Computation Method
A typical load-depth ( P δ − ) curve is given in Fig. 1(b) , where P m , m δ and f δ are the maximum indentation load, maximum indentation depth, and final residual penetration (after complete unloading), respectively. The work done by the indenter during loading is the area under the loading curve OA, i.e. Note that the final residual penetration is sometimes difficult to be identified precisely because the unloading curve often has a long "tail" with almost zero slope (BC) when the indentation load approaches to zero. In order to minimize the error of measuring the residual penetration (in both practical and numerical experiments), a reduced residual penetration f δ is defined as the penetration at 10% maximum indentation load ( Fig. 1(b) ).
Correspondingly, the reduced unloading work becomes
For convenience, in the following text we will drop the "reduced" term and refer f δ as the residual penetration (or residual depth) and u W as the unloading work.
Therefore, the primary shape factors characterizing a sharp indentation P δ − curve are: the loading curvature, Numerical calculations are performed using the commercial code ANSYS (19) . Selected results are verified by using another commercial code ABAQUS (20) . The rigid contact surface is used to simulate the rigid indenter, and the option for finite deformation and strain is employed. A typical mesh for the axisymmetric indentation model comprises about 10,000 4-node elements with reduced integration. Figure 3 shows the finite element model. The minimum element size is 15nm x 25 nm. To avoid the boundary effect, the penetration depth is less than 1% of the model size which is 100nm x 200nm. This model is considered as semi-infinite body. The material parameters are varied over a large range to cover essentially all engineering materials, with / 3~4000 R E σ = and 0~0.5 n = (15) . A total of 71 different combinations of material properties are examined (with n=0.0 ~ 0.5). Note that for larger n values, the range of / y E σ is much larger than / R E σ . The Coulomb's friction law is used between contact surfaces, and the friction coefficient is taken to be 0.15 (21) , which is a minor factor for indentation as long as this value is relatively small. This has been verified by our FEM analyses. Bucaille et al. (7) have carried out extensive studies on the friction effect for the conical indentation and found similar results. The Poisson's ratio is fixed at 0.3 for all materials, which is consistent with the literature. 
Representative Strain Approach for Unloading Curve

Definition of the Representative Strain during Loading
For loading P δ − curves, many researchers (7) (8) (9) (10) (11) (16) (17) (18) have followed the approach of (1)), which was found to be 0.033 for Berkovich indenter. This definition has weak physical basis and its working range is relatively small (6) . Inspired by the fact that conical indentation is axisymmetric, we have proposed to define R ε as the plastic strain during axisymmetric deformation (6) , and the corresponding representative stress is (see the uniaxial stress-strain curve of a power-law material in Fig. 2 ):
This formulation not only has better physical background, but it also works with the best accuracy (compare with other possible formulations) in a wider range of material properties ( / 3~4000 R E σ = and 0~0.5 n = ) (15) . Furthermore, from extensive numerical analyses, the representative strain is identified as a function of the apex angle of conical indenter: (6) 0.0319 cot
In this study, we focus on the Berkovich indenter only, which gives 0.0115
When the material is either elastic or rigid plastic, the indentation problem can be solved in closed form. Thus, based on our previous limit analysis (14) , the normalized loading curvature can be related with / R E σ as:
The results are given in Fig. 4 which is apparently independent of the work hardening exponent n. Also shown are the elastic and plastic limits, and the limit-analysis-based equation (6).
Extend the Representative Strain to Unloading
We now extend the same representative strain and stress defined above ( Fig. 2 and Eq. (4)) to unloading. By inspecting the unloading curve in Fig. 1(b) , whose shape is similar to an triangle with the enclosed area almost proportional to ( ) 
Thus, the unloading work is ( ) ( )
The normalized variable becomes ( )
The representative stress of an elastic material is infinity, which leads to Equating (11) and (12) 
Considering that the representative stresses are same for both loading and unloading in this section, and that / R E σ is very large, of materials, which is apparently independent of the work hardening exponent n. Also shown are the elastic and plastic limits, and the limit-analysis-based equation (7).
A Different Representative Stress based on Unloading Work
We retain the same value of the representative strain, Eq. (5), and seek for a new representative stress for unloading, ' r σ , such that the normalized unloading work is related with both E and C , but is essentially independent of n for the same range of materials described above. The representative stress 
. This is a robust formulation for α between 60° and 80°; for Berkovich indenter, the results of the normalized unloading work are given in Fig. 6(a) , which can be fitted by the following equation 
( 1 9 ) To further simplify the formulation, we note that the relationship in Fig. 6 (a) becomes monotonic when ' / r E σ is larger than about 25, which includes most engineering metals and alloys (since 2 1 ) which is valid for α between 60° and 80°. While Eqs. (18) and (17) are valid for a large material space, Eqs. (20) and (21) are recommended for the more plastic materials with / 30 r E σ > or so. Next, we apply the representative stresses derived in these sections, in particular those new formulations proposed for unloading behavior, to obtain material elastoplastic properties in closed-form. 
Obtaining Material Properties via Closed-form Formulae
Derive Plastic Properties of Ductile Materials
We first develop a closed-form algorithm to determine the plastic properties of the specimen from the load-displacement curve of just one indentation test. Note that once the material composition is known, its elastic modulus can be estimated in many cases. For example, while alloying and/or processing can significantly alter the material plastic behavior, they can hardly change the elastic modulus. Thus, we focus on the plastic property measurement in this section. From an indentation experiment, the loading curvature The unloading work u W can be obtained from that described in Section 2. With E (and E) known, according to Eqs. (4) and (6), one flow stress-total strain point can be determined on the uniaxial stress-strain curve as ( ) 
Next, based on Eqs. (20) and (21), from the unloading work measurement another flow stress-total strain point can be derived 
Finally, the material plastic parameters can be derived in closed form:
Eqs. (22)- (24) represent a new closed-form technique for deriving the material plastic properties via Berkovich indentation test, and it is recommended for the more plastic
Finally, material parameters ( , , y E n σ ) can be derived in closed form using (25) and (24), which represent another closed-form technique for measuring material elastoplastic properties via a Berkovich indentation test.
Applications of the Proposed Methods
The proposed method is now applied to determine the properties of four ductile materials, whose power-law constitutive constants ( , , E R n ) are tabulated in Table 1 and then used as the input data for the numerical indentation experiment with FEM. The thin lines in Fig. 7 show the input uniaxial stress-strain relationships.
First, we assume that the material Young's modulus E is known a priori. Following Eqs. (22)- (24), the results obtained from the reverse analysis for 4 materials are shown in Fig. 7 as thick solid lines for the identified stress-strain relationships; the numerical results are also tabulated in Table 1 . In all cases excellent agreement is found between the extracted plastic properties and input data, validating the robustness of the proposed method for ductile materials. We caution that such method for determining plastic properties is relatively sensitive to the error of E. When E is perturbed by 1%, additional error of about 5-10% may appear for the determined plastic properties. This is mainly because the indentation P δ − curve is more dependent on the elastic modulus than the plastic properties, and thus the formulation based on the P δ − curve as proposed in this paper is relatively sensitive to the variation of E.
To further confirm the effectiveness of the improved technique, we study several materials that have been previously claimed as not being able to be characterized by single indentation test. Alkorta et al. (23) have shown that there are combinations of materials that have identical load-displacement curves, and the examples of such materials are given in Table 1 of ref. (23); from Fig. 8(a) we can see that indeed, the indentation load-depth curves of these materials are indistinguishable. Nevertheless, by applying the proposed formulation, we are able to identify the plastic properties of all five materials with satisfied accuracy: In Fig. 8(b) , the thin lines are input data (according to Table 1 of Alkorta et al. (23) ) and the thick lines are results obtained from our reverse analysis. The good agreement shows that if the elastic modulus is known, the proposed closed-form method is very useful and easy to determine the material plastic properties by just one indentation test. Fig. 7 Comparisons between the uniaxial stress-strain curves based on input properties in Table 1 (thin  lines) , and reverse analysis results from closed-form formulae (thick solid lines based on method in Section 4.1 with E known, and thick dash lines based on method in Section 4.2 with E unknown). Next, we take the material modulus as unknown, and following the closed-form solution in Section 4.2, the extracted elastoplastic properties (Table 1) lead to thick dash lines in Fig. 7 : the comparison shows that when there are errors of the identified E, the errors of determined plastic properties increase as well. The error of the measured E is relatively modest, however the errors of the determined plastic properties are enlarged by the perturbation of E, as discussed above. Nevertheless, the method still showed promising potentials for measuring the elastic and plastic properties of ductile materials from a sharp indentation test. In particular, the proposed functional forms, Eqs. (24)-(27) are simple and easy to use, which are perhaps the first set of closed-form formulae for deriving the material elastoplastic properties since the classic Oliver-Pharr approach (24) , yet unlike the Oliver-Pharr method, the approach in this paper is valid for power-law materials with strain hardening, and it does not require the measurement of the projected contact area.
Conclusion
In summary, we propose closed-form formulae to determine the plastic or elastoplastic properties of a bulk material by using a sharp indentation test. We extend the representative strain approach from loading curve to unloading curve, and by using residual penetration and unloading work as variables, two formulations of representative strain and stress are proposed for the unloading force-depth curve of an indentation test. The functional forms are kept simple such that no fitting parameter may be involved based on limit analysis; at most 2 fitting parameters can be employed for pursuing the best accuracy. Demonstrated via examples of ductile materials, the reverse analysis results agree well with the input data used in numerical experiment, and it has been applied to correctly identify different material properties with almost identical load-displacement curves. Therefore, the closed-form method has the potential to easily and effectively measure the material by one indentation test.
